
 

 

PLEASE SCROLL DOWN FOR ARTICLE

This article was downloaded by:
On: 14 January 2011
Access details: Access Details: Free Access
Publisher Taylor & Francis
Informa Ltd Registered in England and Wales Registered Number: 1072954 Registered office: Mortimer House, 37-
41 Mortimer Street, London W1T 3JH, UK

Molecular Simulation
Publication details, including instructions for authors and subscription information:
http://www.informaworld.com/smpp/title~content=t713644482

The phase diagram of the Lennard-Jones fluid using temperature
dependent interaction parameters
Ali Kh. Al-Matara; Ahmed H. Tobgya; Ibrahim A. Suleimana

a Chemical Engineering Department, Faculty of Engineering and Technology, University of Jordan,
Amman, Jordan

To cite this Article Al-Matar, Ali Kh. , Tobgy, Ahmed H. and Suleiman, Ibrahim A.(2008) 'The phase diagram of the
Lennard-Jones fluid using temperature dependent interaction parameters', Molecular Simulation, 34: 3, 289 — 294
To link to this Article: DOI: 10.1080/08927020701829864
URL: http://dx.doi.org/10.1080/08927020701829864

Full terms and conditions of use: http://www.informaworld.com/terms-and-conditions-of-access.pdf

This article may be used for research, teaching and private study purposes. Any substantial or
systematic reproduction, re-distribution, re-selling, loan or sub-licensing, systematic supply or
distribution in any form to anyone is expressly forbidden.

The publisher does not give any warranty express or implied or make any representation that the contents
will be complete or accurate or up to date. The accuracy of any instructions, formulae and drug doses
should be independently verified with primary sources. The publisher shall not be liable for any loss,
actions, claims, proceedings, demand or costs or damages whatsoever or howsoever caused arising directly
or indirectly in connection with or arising out of the use of this material.

http://www.informaworld.com/smpp/title~content=t713644482
http://dx.doi.org/10.1080/08927020701829864
http://www.informaworld.com/terms-and-conditions-of-access.pdf


The phase diagram of the Lennard-Jones fluid using temperature dependent interaction
parameters

Ali Kh. Al-Matar*, Ahmed H. Tobgy and Ibrahim A. Suleiman

Chemical Engineering Department, Faculty of Engineering and Technology, University of Jordan, Amman, Jordan

(Received 1 September 2007; final version received 21 November 2007)

The forces of interaction between argon atoms can be described by the Lennard-Jones potential model. It is hypothesised

that the use of temperature dependent interaction parameters, instead of using temperature independent interaction

parameters, may lead to improvement in the prediction of the vapour–liquid coexistence curve. Published second virial

coefficient data were used to fit a simple two-parameter temperature dependent model for the collision diameter and well

depth. Vapour–liquid coexistence curve for argon was simulated in the NVT Gibbs ensemble Monte Carlo technique.

The simulations were carried out using each of the temperature independent and temperature dependent parameters in the

temperature range: 110–148 K. The critical temperature and density were determined using the Ising-scaling model. The

results using temperature dependent parameters produce, overall, a more accurate phase diagram compared to the

diagram generated using temperature independent interaction parameters. The root mean square deviation is reduced by

42.1% using temperature dependent interaction parameters. Also, there was no significant difference between the results

obtained using temperature dependent interaction parameters and the highly accurate and computationally demanding

phase diagrams based on three body contributions.
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1. Introduction

Prediction and estimation of fluid phase equilibria are of

crucial importance in the process industries. They find

many applications in the design of chemical plants,

rating of existing units as well as process and product

R&D. Therefore, it is important to be able to understand

the phase behaviour of pure liquids as a prerequisite to

understanding mixtures phase behaviour.

Several models are available for modelling the

intermolecular forces [1–5]. The Lennard-Jones model

is the de facto standard in molecular simulations.

Therefore, it is used in this work. The main proposition in

this research is that introducing temperature dependent

interaction parameters for the Lennard-Jones potential

(collision diameter s and well depth 1) instead of the

current practice of using temperature independent

interaction parameters, may lead to improvement in the

prediction of phase equilibria. It should be emphasised

that this approach is empirical in nature and does not

entail any first principles justification. This study, aims at

generating the phase diagram of argon, represented by

the Lennard-Jones fluid, using temperature dependent

interaction parameters. These parameters can be

estimated using available compilation of the second

virial coefficient [6,7]. Subsequently, a comparison of the

critical points based on the two types of generated

phase diagram and available literature data and diagrams

[8–13] will be carried out.

There are few recent studies on fitting temperature

dependent parameters to certain compounds pertinent to

heavy gases such as WF6 and MoF6 besides globule gases

[14–19]. Nevertheless, these studies were limited to fitting

of second virial coefficients and none of these studies dealt

with generating the vapour–liquid coexistence curve.

However, there was an attempt by Smit et al. [20] to model

the phase behaviour using density dependent interaction

parameters for the Lennard-Jones potential.

2. Intermolecular potential and simulation details

2.1 Intermolecular potential

The Lennard-Jones intermolecular potential model is

used to represent the pair interaction between Argon

atoms i and j separated by a distance rij:

uðrijÞ ¼ 41ij
sij

rij

� �12

2
sij

rij

� �6
" #

: ð1Þ

The values of the collision diameter sij (Å) ¼ 3.405 and

well depth 1ij/k (K) ¼ 125.2 [1] are used to represent

temperature independent interaction parameters.
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Interaction parameters as a function of temperature

were determined from an optimisation process based on

minimising the least squares of the error, calculated by

comparing the experimental values for the second virial

coefficient [7] and those determined using the following

equation for the classical second virial coefficient:

Bclassical ¼ 22pNA

ð1
0

e2uðrÞ=kT 2 1
h i

r 2 dr: ð2Þ

This is a nonlinear optimisation problem. Modified

Marquardt–Levenberg method [21,22] was used to

solve this problem. The objective function is to minimise

the root mean square deviation (RMSD) value, where the

RMSD is defined as:

RMSD ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

N

XN
i¼1

ðBi;exp 2 Bi;calÞ
2

vuut ð3Þ

and, N is the number of observations, Bi,exp is the

experimental second virial coefficient for the ith

observation and Bi,cal is the calculated second virial

coefficient for the ith observation. The integral was

evaluated using a 21-point Gauss–Kronrod quadrature

[22] to estimate the integral and the associated errors.

Only two-parameter relationships between the

independent variable (temperature) and the dependent

variables (s and 1/k) were attempted. The relationships

involved combination of linear, reciprocal, exponential

and reciprocal–exponential terms [23]. Many of the

attempted forms are found in the thermodynamic

literature, such as exponential forms. Some optimised

parameters were rejected based on physical reasoning.

Only models with parameters that cause s to increase

with temperature and, 1/k to decrease with temperature

were considered feasible [19]. The feasible models

were subjected to a model discrimination process based

on calculating posterior probability [24]. The selected

model for the collision diameter and well depth as a

function of temperature for argon are given by the

following two equations [23]:

sij ¼ 3:6722 22:30=T ð4Þ

1ij

k
¼ 117:655þ 778:012=T : ð5Þ

Within the temperature range of interest for argon

[110–148 K], used in the simulations which were carried

out, the value of s changes between 3.47 and 3.52 Å,

while the value of 1ij /k (K) changes in the range 124.7–

122.9K. These values are in general agreement with

available temperature independent values [1,3].

3. Simulation details

Gibbs ensemble is used to simulate the coexistence of

vapour and liquid phases. Systems of size 500 atoms

were studied to simulate the vapour and liquid phases.

All simulations were carried out with a spherical

potential truncation for separations greater than 2.5s

and tail corrections included. The vapour– liquid

simulations were started using two boxes with simple

cubic lattice and the number of atoms was equally

partitioned between the two boxes. The temperature of

the entire system is held constant and surface effects are

avoided by placing each box at the centre of a periodic

array of identical boxes. The equilibration and

production periods consisted of at least 200 and 2000

cycles, respectively. The type of Monte Carlo move was

selected at random according to the following prob-

abilities: 0.9089 translation, 0.0909 particle swap and

0.0002 volume exchange with one volume exchange per

cycle.

The results generated for both phases, vapour and

liquid, from the simulations are: energy, pressure,

density, chemical potential and number of atoms in

both boxes. The uncertainties in the ensemble averages

were calculated by dividing the post-equilibrium results

into ten blocks then taking the grand average [4]. The

code employed in this work is developed in-house using

object oriented programming in FORTRAN-90 and is

available upon request.

4. Critical constants

Near the critical region, the free energy differences

between two phases are small and as a result, Gibbs

ensemble simulation becomes unstable. According to the

scaling law, in the case of Gibbs ensemble simulation,

the critical temperature is evaluated by the calculated

r 2 T coexistence data [25]:

rL 2 rv ¼ bðTc 2 TÞg ð6Þ

where, g is the non-classical 3D Ising critical exponent,

g < 0.325 and b and the critical temperature Tc are

calculated from the fit. Subsequently, the critical density

rc can be determined using a fit based on the law of

rectilinear diameters [25]:

rL þ rv

2
¼ rc þ AðTc 2 TÞ ð7Þ

where, A and the critical density rc are calculated from

the fit.
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5. Results and discussion

The second virial coefficient data was fitted using

temperature independent interaction parameters as well

as temperature dependent forms [23]. Figure 1 gives the

residuals for the second virial coefficient data of argon

using the values available in the literature [1], the

optimised constants in this work (sij (Å) ¼ 3.507 and

well depth 1ij/k (K) ¼ 117.26) and the fitted temperature

dependent values: sij ¼ 3.672 2 22.30/T and

1ij/k ¼ 117.655 þ 778.012/T.

The calculated values of second virial coefficient

using the new optimised constants are closer to

experimental values. The parameters reported in

Hirschfelder et al. [1], and which are widely used in

the literature, yield a RMSD of 0.509 while the new

optimised constants have a RMSD of 0.331. It should be

noted, however, that although the RMSD has been

reduced significantly, the residuals still show systematic

trends suggesting that the temperature independent

parameters are inadequate to describe the behaviour of

the second virial coefficient over a wide temperature

range.

It is clear that temperature dependent parameters

produce more accurate results compared to temperature

independent interaction parameters. The improvement is

clear as the difference between experimental and

calculated values decreases in temperature dependent

cases and gets closer to the zero line than temperature

independent case or even the optimised constant case.

The gain in accuracy as measured by the RMSD is about

15 folds compared to the literature values and about 10

folds compared to the new optimised values. Moreover,

the RMSD for the temperature dependent interaction

models are in a narrow band of width ^ 1 cm3/mol

which are within the Class I classification of Dymond

and Smith [6]. The temperature independent models do

not reduce the RMSD to this band implying their

inadequacy.

Figure 2 compares the vapour–liquid coexistence

curve for simulation using temperature independent

interaction parameters from Panagiotopoulos et al. [9],

this work at the same conditions using temperature

independent interaction parameters taken from the

literature [1] and temperature dependent interaction

parameters in this work. Also, the same figure shows the

three body simulation results of Sadus and Prausnitz [10]

and experimental data for argon from Gilgen et al. [26].

The calculated results are shown in lines, while

experimental data are given as symbols. A summary of

the results using temperature dependent interaction

parameters is given in Table 1.

The results of Panagiotopoulos et al. [9] and those

using temperature independent parameters are close to

each other, which is reasonable as both are using the

same methodology and temperature independent inter-

action parameters. Simulations using temperature

independent interaction parameters in this work are

slightly closer to the experimental data compared to

previous work which may be attributed to longer runs and

the number of configurations generated.

It is clear from Figure 2 that the vapour–liquid

coexistence curve generated using temperature depen-

dent interaction parameters is much closer to the

experimental values compared to the temperature

independent interaction parameters’ curve and the

curve of Panagiotopoulos et al. [9]. This improvement

Figure 1. Residuals between experimental second virial coefficient and calculated second virial coefficient for argon: þ temperature
independent (literature values taken from Hirschfeleder et al. [1]), A temperature independent (this work), W temperature dependent
(this work).
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is particularly evident for the density of the liquid phase

with marginal improvement for the vapour phase away

from the critical region. However, there is significant

improvement for the shape of the curve near the critical

region. The RMSD values were calculated from the

experimental density data in the temperature range

[100–150]K. Simulation using temperature dependent

interaction parameters improved the value of critical

temperature. It is closer to the experimental value by

3.3%. However, simulation using temperature dependent

interaction parameters worsen the value of critical

density placing it farther from experimental value by

7.6%. This may be attributed to the fact that the Lennard-

Jones potential with temperature independent interaction

parameters overestimates the attractive forces. While the

use of temperature dependent interaction parameters

reduce the well depth and widen the region around it

resulting in a reduction in the magnitude of attractive

forces. The reduction in the magnitude of the attractive

forces is more pronounced for the liquid phase. It should

be noted that there is significant improvement for the

shape of the curve near the critical region. This

improvement is evident by comparing the RMSD of the

temperature dependent interaction parameters (77 kg/m3)

compared to that of the temperature independent

interaction parameters (133 kg/m3), which is equivalent

to a reduction of RMSD by 42.1%. This reduction in the

RMSD provides a further evidence of the success of

using temperature dependent interaction parameters.

The coexistence curves using temperature dependent

interaction parameters and three body effects are close to

each other; with the results of Sadus and Prausnitz [10]

being slightly better overall. This is not surprising since

Sadus and Prausnitz used the Axilrod–Teller approxi-

mation to account for three body interactions which is

more physically accurate representation of the actual

molecular interaction among the molecules, compared to

pairwise interactions. However, the inclusion of this

more realistic model is expensive in terms of

computational time required. It is worth mentioning

that they used a CRAY C90 processor and the run took

2 h of CPU time [10] for a system of 300 molecules,

while a typical run of a system consisting of 500 atoms

required 3.5 h of CPU time on a PC with 3 GHz processor

Table 1. Coexistence energies, pressures and densities, and their associated standard deviations, of pure LJ fluid as represented by
argon for different temperatures at a total number of atoms N ¼ 500.

Energy (J/mol) Pressure (bar) Density (g/cm3)

Temperature Liquid Vapour Liquid Vapour Liquid Vapour

110 25656.4 ^ 24.3 2145.7 ^ 95.3 4.246 ^ 18.21 4.155 ^ 0.74 1.220 ^ 0.004 0.020 ^ 0.002
120 25226.9 ^ 28.0 2231.6 ^ 69.0 7.854 ^ 17.84 7.376 ^ 0.89 1.128 ^ 0.005 0.034 ^ 0.002
135 24610.6 ^ 34.3 2502.3 ^ 48.9 16.790 ^ 15.27 17.593 ^ 1.37 1.002 ^ 0.005 0.082 ^ 0.003
143 24282.5 ^ 42.3 2729.0 ^ 54.3 30.047 ^ 14.43 26.102 ^ 1.97 0.929 ^ 0.006 0.127 ^ 0.004
148 24018.3 ^ 58.1 2944.2 ^ 74.5 35.386 ^ 13.85 32.083 ^ 2.53 0.869 ^ 0.008 0.168 ^ 0.006

Figure 2. Vapour–liquid coexistence curve for argon: W experimental data (Gilgen et al. [26]), – – – (Panagiotopoulos et al. [9]), —
temperature independent (this work), – .–.– three body Axilrod–Teller (Sadus and Prausnitz [10]) and . . . . . . temperature dependent
(this work). Experimental critical point, V Panagiotopoulos et al. [9]) critical point, B temperature independent (this work) critical
point, * (Sadus and Prausnitz [10]) critical point, P temperature dependent critical point (this work).
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using temperature dependent interaction parameters.

Therefore, using temperature dependent interaction

parameters provides a saving in the computational

resources in terms of hardware and time while not

sacrificing accuracy. The reduction of RMSD values for

the simulation using three body interactions is about

48.1%, while using temperature dependent interaction

parameters reduces the RMSD by 42.1%. The gain in

accuracy may not justify the computational cost. Table 2

summarises the critical constants and the RMSD for the

various approaches discussed in this paper. The RMSD

values were calculated from the experimental density

data in the temperature range [100–150] K.

Figure 3 gives the vapour pressure versus tempera-

ture curves obtained from vapour phase results using

temperature dependent interaction parameters. This

figure compares temperature dependent interaction

parameters results, the results of Nasrabad [12] and the

experimental vapour pressure data, as fitted by Antoine

equation, for argon. The results are close to each other

while the results of Nasrabad [12,13] requires more

efforts and computational cost as he used Aziz and

Salman and his ab initio models (av5z and av45z) plus

three body interactions using the Axilrod–Teller

approximation. Table 3 also shows the RMSD in vapour

pressure values of argon using temperature independent

interaction parameters. This table shows that a reduction

in the RMSD value of 5.7% is achieved using

temperature dependent interaction parameters compared

to the RMSD values using temperature independent

interaction parameters. This reduction is marginal

compared to the reduction achieved using three body

interactions [12,13], amounting to 75.5%.

6. Conclusions

The concept of temperature dependent interaction

parameters for argon modelled as a Lennard-Jones fluid

is introduced. This concept was used to fit the collision

diameter and well depth as a function of temperature for

argon. The concept was applied to second virial

coefficient data and it was shown to be successful in

reducing the RMSD by 15 folds compared to conventional

temperature independent interaction parameters. Also,

evidence is produced in this research that using

temperature dependent interaction parameters indeed

improves the simulated vapour–liquid coexistence curve

of argon modelled as a Lennard-Jones fluid, and

Table 2. Critical constants for argon using various approaches.

rc (kg/m3) Tc (K) RMSD† (kg/m3)

Experimental [26] 535.6 150.687 –
Temperature independent interaction parameters [9] 548.6 163.392 133
Temperature independent interaction parameters (this work) 532.7 162.149 130
Temperature dependent interaction parameters (this work) 491.8 156.087 77
Three body effects using Axilrod–Teller [10] 522.6 155.088 69

† RMSDs are calculated all over temperature range with number of data points ¼ 26.

Figure 3. Vapour pressure of argon versus temperature: þ temperature independent (this work), A three body with Aziz–Salman
potential (Nasrabad [12,13]) and W temperature dependent (this work).
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potentially any phase diagram. Simulations using

temperature dependent interaction parameters can gen-

erate phase diagrams closer to experimental phase

diagram. The results based on the simulated vapour–

liquid coexistence curve for argon in the temperature

range (100 –150) K using temperature dependent

interaction parameters indicated that a reduction of

42.1% in the RMSD of density is achieved relative to the

values generated using temperature independent inter-

action parameters. However, the predicted critical values

were somewhat mixed; the predicted critical temperature

was improved, while the opposite was true for

the predicted critical density. The simulation results

were roughly equivalent with the three body effects being

slightly better at the expense of significantly increased

computational demand. To use the approach of the

current research for generating the phase diagrams of the

binary and multicomponent mixtures of Lennard-Jones

fluids is avenue that may be considered for further

research to validate such an approach.
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